We present direct spectroscopic modeling of 44 Type Iax supernovae (SNe Iax) using the spectral synthesis code SYNAPPS. We confirm detections of helium emission in the early-time spectra of two SNe Iax: SNe 2004cs and 2007J. These He i features are better fit by a pure-emission Gaussian than by a P-Cygni profile, indicating that the helium emission originates from the circumstellar environment rather than the SN ejecta. Based on the spectral modeling of the remaining 42 SNe Iax with early-time spectra, we find no obvious helium features in other SN Iax spectra. However, ≈ 68% of our sample lack sufficiently deep luminosity limits to detect helium emission with a luminosity of that seen in SNe 2004cs and 2007J. Using the objects with constraining luminosity limits, we calculate that 25% of SNe Iax have detectable helium in their spectra. We examine 11 SNe Iax with late-time spectra and find no hydrogen or helium emission from swept up material. For late-time spectra, we calculate typical upper limits of stripped hydrogen and helium to be 2 × 10 −3 M and 10 −2 M , respectively. While detections of helium in SNe Iax support a white dwarf-He star binary progenitor system (i.e., a single-degenerate [SD] channel), non-detections may be explained by variations in SNe Iax such as explosion asymmetry, smaller amounts of stripped Herich material, or the fraction of helium in an excited state. The lack of helium in the majority of our sample demonstrates the complexity of SN Iax progenitor systems and the need for further modeling. With strong independent evidence indicating that SNe Iax arise from a SD progenitor channel, we caution the common interpretation that the lack of helium or hydrogen emission at late-time in SN Ia spectra rules out SD progenitor scenarios for this class.
INTRODUCTION
Type Iax supernovae (SNe Iax) are a recently defined class of stellar explosion (Foley et al. 2013 ) that share similar characteristics to their common cousins, SNe Ia. However, maximum light, SNe Iax are generally considered to be thermonuclear explosions that result from a white dwarf (WD) in a binary system. Based on stellar population estimates (Foley et al. 2009; McCully et al. 2014) , SNe Iax are found in younger stellar populations with ages ≤100 Myr (Lyman et al. 2013; Lyman et al. 2018; Takaro et al., in prep.) . In terms of a progenitor channel, these short evolutionary timescales indicate that SNe Iax may be the result of more massive WDs in a binary system with a non-degenerate companion such as a He star (Hachisu et al. 1999; Postnov & Yungelson 2014; Jha 2017) . This type of system has been modeled by Liu et al. (2010) where the final binary stage consists of a 1 M C/O WD and a 2 M He star (see also Yoon & Langer 2003; Wang et al. 2015; Brooks et al. 2016) . The WD then accretes helium from its binary companion and explodes as it approaches the Chandrasekhar mass (Jha 2017) . From model predictions, SN Iax explosions most resemble pure deflagrations in which the explosion energy is not enough to completely unbind the star (Jordan et al. 2012; Kromer et al. 2013; Fink et al. 2014) .
The recent pre-explosion detection of a blue point source coincident with SN 2012Z provides strong support for the C/O WD + He star progenitor scenario for SNe Iax (McCully et al. 2014) . Such a system would have a significant amount of He on the WD surface, in the outer layers of the donor, and possibly in the circumstellar environment. Therefore under certain conditions, one might detect He features in a SN Iax spectrum. In fact, He lines have been detected in the spectra of two SNe Iax: SN 2004cs and SN 2007J (Filippenko et al. 2007 Foley et al. 2009 Foley et al. , 2013 Foley et al. , 2016 . Both objects being spectroscopically SNe Iax, their spectra display prominent He i λλ 5875, 6678, 7065, and 7281 emission lines and minor He i features at bluer wavelengths.
Since the classification of SNe 2004cs and 2007J as SNe Iax, there have been arguments put forward that these objects should be classified as SNe IIb (White et al. 2015) . However, this claim is addressed in detail by Foley et al. (2016) , who compare the spectral epochs of SNe 2007J and 2002cx to that of SNe IIb, including SN 1999cb, which had an extremely weak H-α emission at late times. Foley et al. (2016) showed noticeable differences between SN 2007J and SNe IIb and detect no hydrogen lines in any SN 2007J spectra. Additionally, Foley et al. (2016) show that the light curve of SN 2004cs does not match that of any SN IIb template, further differentiating SNe Iax with helium lines and SNe IIb.
The detection of He emission in two SNe that, other than their He emission, are spectroscopically and photometrically similar to other SNe Iax suggest that faint, thus-far undetected He features may be present in spectra of other SNe Iax. One method for detecting helium in SNe Iax is through spectral fitting by radiative transfer simulations such as SYNOW (Parrent 2014) , SYN++/SYNAPPS (Thomas et al. 2011) and TARDIS (Kerzendorf & Sim 2014) . Such an analysis has proven effective in modeling SN Iax spectra and is a viable option in determining the relative strengths of ions in these systems (Stritzinger et al. 2014; Szalai et al. 2015; Barna et al. 2018) . By applying a similar analysis (i.e., parameterized spectral synthesis codes) here, we can comprehensively search for helium emission for most of the SN Iax sample.
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Relative f λ + Constant ple of SNe Iax. In Section 3, we outline our method for searching for He i emission in SNe Iax at early-times. In Section 4, we examine the late-time spectra for hydrogen and helium emission as it relates to the SN Iax progenitor system. We discuss our results in Section 5 and conclude in Section 6.
SNe Iax SAMPLE
Through Jha (2017) and the Open Supernova Catalog (Guillochon et al. 2017) , we identified 54 spectroscopically confirmed SNe Iax, and we use this list to build our sample. We were able to obtain 110 spectra of 44 SNe Iax. We performed SYNAPPS fitting for all spectra with a phase of ≤60 days relative to peak brightness. For this subsample, there are 25 SNe Iax (and 69 spectra) with sufficient photometric data to properly flux calibrate the spectra. We also examined 24 late-time spectra of 11 SNe Iax with sufficient photometry to flux calibrate the spectra. The late-time spectra range in phase from 105 to 461 days after peak brightness.
EARLY-TIME HELIUM EMISSION

Spectroscopic Analysis
To model the spectral features in early-time, "photospheric" SN Iax spectra, we apply radiative transfer codes SYNAPPS and SYN++ (Thomas et al. 2011) . Both being parameterized spectral synthesis codes, SYNAPPS performs an automated, χ 2 minimization fit to the data while SYN++ requires manual adjustment of available parameters. For each active ion in a given fit, the parameters used include: optical depth (τ), specific line velocity limits (v min /v max ), e-folding length for the opacity profile, and Boltzmann excitation temperature (T exc ). General input parameters for SYN++/SYNAPPS are photospheric velocity (v phot ), outermost velocity of the line forming region (v outer ) and blackbody temperature of the photosphere (T BB ). While SYN++/SYNAPPS are built on multiple assumptions about the SN explosion such as spherical symmetry, local thermal equilibrium, and homologous expansion of ejecta (Thomas et al. 2011; Parrent 2014) , they are both excellent tools for accurate line identification.
For our spectral modeling, we primarily use SYNAPPS in order to find the best, unbiased fit to the data. In each fit, we include the following ions: C ii, O i, Na i, Si ii, S ii, Ca ii, Sc ii, Ti ii, Cr ii, Fe ii and Fe iii. An example of spectral decomposition of fitted ions is shown in Figure 1 .
Helium Line Profile Shape
We first examine the He i features in the spectra of SNe 2004cs and 2007J to further understand what might be present in other spectra. When fitting these spectra with SYNAPPS, we noticed that the He i features were poorly fit. In particular, the P-Cygni absorption should be much stronger (or the emission should be much weaker) than observed. Furthermore, the He i features are more symmetric, relative to zero velocity, than other features in the spectrum. While the synthetic SYNAPPS spectra (blue line in Figure 2 ) are generally reasonable matches to the data, the helium P-Cygni profiles cannot reproduce the large emission features for He i λλ7065,7281 -these helium lines are best fit with Gaussian emission features. Other species (e.g., O i; see Figure 3 ) are, however, well matched to a P-Cygni profile.
For reference, we plot the velocities of O i λ7774 and He i λ7065 in Figure 3 (a). We show that the absorption profile of oxygen is best represented by a P-Cygni profile while He i is best described by a Gaussian for the +21-day spectrum of SN 2007J and the +45-day spectrum of SN 2004cs. We also note that for SN 2007J at a later phase of +53 days, both O i and He i λ7065 are best defined as Gaussian profiles as the SN ejecta becomes more optically thin.
Because a standard SYNAPPS fit cannot reproduce the helium emission observed, we can fit the spectra with certain regions masked, where SYNAPPS will predict the spectrum in the masked regions. This process allows for a way to examine the complicated continuum at the position of helium features without being influenced by any possible helium emission or absorption. This is applied as we fit the SNe 2004cs and 2007J spectra with SYNAPPS, masking the He i features, and then including additional Gaussian line profiles for each He i feature. The result is presented as the red line in Figure 2 . The resulting profile parameters are presented in Table 1 . As an example, we plot the velocities of the 7065Å He i line for both objects at multiple epochs in Figure 3 (b). Gaussian emission and P-Cygni profiles are over-plotted in red and blue, respectively. We see that the Gaussian profiles are a better description for all He i lines in both objects. In some cases, the P-Cygni profiles are also too narrow to fit the He i emission.
Furthermore, the peaks of the He i lines in SNe 2004cs and 2007J are both redshifted and blueshifted about rest velocity. This indicates that the helium emitting region may be kinematically decoupled from the SN ejecta and that the system's helium is not constrained to the photosphere as is needed for a P-Cygni profile. This then strengthens the case for pure He i emission manifesting as a Gaussian line profile in both SNe Iax. All helium line widths and shifts are presented in Table 1 .
To test the White et al. (2015) suggestion that SNe 2004cs and 2007J are SNe IIb, we perform SYNAPPS fits with prominent Balmer lines masked out. We fit the −3, +21, and +53-day spectra for SN 2007J and the +45-day spectrum of SN 2004cs. These fits include all ions listed in Section 3.1 as well as He i. From Figure 4 , we see no hydrogen feature in any spectrum (excluding contaminating galactic H-α emission feature for SN 2004cs).
Fitting Early-time Spectra
We now turn to fitting all available early-time SN Iax spectra to determine if any have He i emission. Since the helium features in the SNe 2004cs and 2007J spectra have Gaussian line profiles, we assume that features in other spectra would be similar. To properly fit for these features, we mask out regions around each prominent He i emission line and only fit the portions of the spectrum without potential He i emission. The wavelength ranges that are applied as masks in each fit are shown in blue in Figure 5 . Each given fit to the data with masked out regions are plotted as green lines in Figures A26-A41.
Once our spectral models are complete, we subtract the He λ7065
Oxygen λ7774
Gaussian Fit Figure 2 for the SYNAPPS fit with all active ions and helium.
mask fit spectrum from the data and examine the residuals in each wavelength region where helium emission is known to occur. We then perform a visual inspection of each residual spectrum for obvious helium emission lines. Because pure emission lines can be represented as Gaussian profiles centered at a given central wavelength, we also cross-correlate the data residuals with a set of Gaussians (all with the same height and a FWHM of 20Å) centered at the rest wavelength of prominent optical He i lines: 3888.65, 4921.93, 5015.68, 5875.63, 6678.15, 7065.19, and 7281.35Å . We cross-correlate by shifting the Gaussians for range of velocities. While the height and width of each Gaussian affects the specific cor- To determine if a spectrum has a significant detection of helium emission, we cross-correlate all residual spectra with the helium line Gaussian profiles described above. We use a window of ±10 6 km s −1 , which is much larger than physically possible for helium lines, to estimate the false-detection level. We define a significant detection if the correlation coefficient function has its global maximum within 1000 km s −1 of zero velocity. At certain velocities that correspond to distinct velocity shifts between the He i lines, there can be a large correlation coefficient. We examine these aliased peaks in detail, and if there is both a peak near zero velocity and at an aliased velocity, we examine the spectrum in more detail.
Using this method, we robustly detect He i features in the −3, +21, and +53-day spectra of SN 2007J (Figure 8c ) and the single +45-day spectrum of SN 2004cs ( Figure 5 ).
For the −3-day spectrum, there is a positive correlation peak around −90,000 km s −1 (marked by a dashed line in Figure 8c ) that is similar in strength to the peak near zero velocity. This correlation is caused by aliasing between the different helium lines (as well as other features in the residual spectrum). Examining the spectrum in detail, there is clear emission corresponding to the He i 6678.15 and 7065.19 lines. We therefore consider the main peak at zero velocity to be genuine and the detection of He i to be significant.
For the −7-day SN 2007J spectrum, we do not detect He i features by either visually inspecting the residual spectrum or by examining the correlation coefficients. Filippenko et al. (2007) first saw the increasing helium emission with phase.
Examining all additional early-time spectra, we do not detect any helium lines for any of the additional 42 SNe Iax examined. We present the all spectra and accompanying fits in Appendix A.
Since these spectra do not have any detected He i lines, we estimate the luminosity limit for these features. To do this, we first scale the flux in each spectrum to match the corresponding broad-band photometry as determined by images, and then add helium features until the features can be detected in each spectrum. To do this, we add the 21-day SN 2007J residual spectrum, which has particularly high signal-to-noise ratio He i features, to each spectrum. We scale the flux of the SN 2007J residual spectrum until the features are detected, and record the corresponding line flux as the detection limit. An example of this calculation for a marginal detection of helium is shown for SN 2015H in Figure 6 . The luminosity limits for helium detection in the 6678.15Å line are shown in Figure 7 . Since we use a single spectrum to determine the luminosity limits, limits for all lines are perfectly correlated. The lines have scaling factors of L λ5876 = 1.47 · L λ6678 and L λ7065 = 2.33 · L λ6678 .
As seen in Figure 7 , SNe 2004cs and 2007J have detected helium at a luminosity significantly below the limits for most SNe Iax in our sample. Additionally, as seen for SN 2007J, the helium luminosity is expected to vary with phase. Combined, we can use the detection luminosity as a function of phase to define an envelope where we would expect to detect helium features similar to those seen in In Figure 7 , we compare the He i λ6678 luminosity to the SN Iax peak luminosity 1 Jha (2017, and references therein). There is a general trend between the peak luminosity and the He i luminosity limit. This is primarily driven by the signal-to-noise ratio of the spectra (which is usually similar for all spectra) and the ability for SYNAPPS to accurately reproduce a spectrum.
SEARCH FOR LATE-TIME EMISSION FEATURES
In single-degenerate (SD) progenitor models for SNe Ia, we expect the SN to sweep up material ablated from a close companion star and/or in the circumstellar environment. This material should emit and be detectable in late-time spectra as narrow emission lines (Marietta et al. 2000; Mattila et al. 2005; Liu et al. 2010 Liu et al. , 2012 Liu et al. , 2013a Pan et al. 2012; Lundqvist et al. 2013) . While there have been no detected hydrogen or helium emission lines in any late-time SN Ia spectrum (e.g., Mattila et al. 2005; Leonard 2007; Shappee et al. 2013; Lundqvist et al. 2013; Maguire et al. 2016; Graham et al. 2017; Sand et al. 2018; Shappee et al. 2018; Dimitriadis et al. 2018) , we attempt to calculate upper limits for the amount of stripped hydrogen and helium mass present in SNe Iax late-time spectra.
Upon visual inspection of all late-time SN Iax spectra, we find no obvious hydrogen or helium narrow-line emission.
As in Lundqvist et al. (2015) , we also examine each latetime spectra for Ca ii and O i emission but find no visual detections.
Below, we provide quantitative mass limits on swept-up hydrogen and helium material.
Stripped Hydrogen in Late-time Spectra
To determine the line luminosity limit for each spectrum, we employ the same method as Sand et al. (2018) . By representing the H-α emission lines as Gaussian profiles, we calculate the flux limit needed for marginal detection. As in Sand et al. (2018) , we estimate the peak flux of the emission line to be three times the spectrum's root-mean-square (RMS) flux, with the spectral feature having a FWHM of 1000 km s −1 . From our 3-σ flux limit, we calculate a luminosity limit for marginal detection of an H-α emission line. An example of simulated marginal detection of H-α is shown in Figure 10 (a) for SN 2008A at a phase of +281 days. We present the H-α luminosity limits as a function phase for all SNe Iax with late-time spectra in Figure 11 (a) .
We then use the Botyánszki et al. (2018) relation to convert the luminosity limits into stripped-mass limits 2 ,
where L Hα is the H-α luminosity in cgs units at 200 days after peak, M 1 = log 10 (M H /M ), and M H is the stripped hydrogen mass. Since this relation is only valid at 200 days after peak, we scale the luminosity limits to that epoch, assuming an exponential decline seen for SNe Iax (Stritzinger et al. 2015) . For each SN, we determine the most-constraining mass limit. We display the cumulative distribution of mass limits in Figure 11 (b). For our late-time SN Iax sample, the mass limits range from 5 × 10 −4 to 1 × 10 −2 M with a typical limit of 2 × 10 −3 M . This is about an order of magnitude larger than that expected for the amount of stripped hydrogen expected to be swept-up by a SN Ia in a Roche-lobe filling progenitor system (1.4 × 10 −2 to 0.25 M ; Pan et al. 2012; Liu et al. 2012; Boehner et al. 2017) . Liu et al. (2013b) estimates that a SN Iax with a similar progenitor system would have 1 × 10 −2 − 1.6 × 10 −2 M of stripped hydrogen, also significantly higher than the limits for our sample.
Stripped Helium in Late-time Spectra
We also examine all late-time SN Iax spectra for helium emission that could result from companion interaction. Upon visual inspection, we find no detections of any prominent He i emission lines. Following the same method as described in Section 4.1, we calculate luminosity limits for the He i λ6678 line. An example of the calculation of the 3-σ limit for SN 2008A is shown in Figure 10 helium luminosity based on the relative luminosities of H-α and He i emission found by Botyánszki et al. (2018) . To do this, we compare the H-α line luminosity in Figure 1 of Botyánszki et al. (2018) to the He i λ6678 line luminosity shown in their Figure 4 for the MS38 model. Based on the relative peaks and FWHM of each respective emission line, the MS38 model produces an H-α emission line that is ∼5 times more luminous than the He i λ6678 emission line for the same mass. As a result, we use
where M 1 = log 10 (M He /M ), and M He is the stripped helium mass, to calculate the amount of stripped helium in SNe Iax. We display the helium luminosity limits for our SN Iax sample as a function of phase and compare to expected helium line luminosity for various amounts of stripped helium in Figure 12 (a). We also plot a cumulative distribution of calculated helium masses, using the most constraining value for each SN, in Figure 12 (b). For reference, we add the earlytime He λ6678 luminosities for SNe 2004cs and 2007J as upper limits in Figure 12 (a). Without a method for converting early-time helium luminosity to mass, these points represent upper limits on the amount stripped helium that could be visible at early-times if we assume that the helium detected in SNe 2004cs and 2007J is the result of companion interaction. Nonetheless, we caution the use of these specific limits in constraining companion interaction models because the photospheric heating mechanism and specific excitation energy of helium in SNe Iax is still unclear at this time.
For our SN Iax sample, we find a range of stripped helium upper limits of 2×10 −3 to 1×10 −1 M . Comparing these stripped helium mass limits to those predicted by SN Ia explosion models, we find that some of our limits are consistent with predicted stripped masses, but the most constraining limit of 2 × 10 −3 M is lower than that presented in companion interaction models. For stripped helium, Pan et al. (2012) In addition to using a (modified) relation between line flux and stripped mass determined by simulations (Botyán-szki et al. 2018 ), we present an alternate, analytic method of calculating stripped helium mass, derived from radioactivedecay powered SN ejecta. We first assume that the helium is contained in a homogeneous shell about the SN with mass M He and a radius ∆r that is changing with the expanding ejecta. The shell's density can then be defined as:
The optical depth of γ-rays from radioactive decay in SNe is
where κ = 0.05 cm 2 g −1 is used for γ-rays. Combining Equations 3 and 4, we find a relation for optical depth of γ-rays as a function of M He :
We define the luminosity absorbed by the helium shell to be:
where L rad is the luminosity of radioactive 56 Ni and 56 Co. We assume that the ejecta is optically thin to gamma-rays and thus does not get absorbed in the 56 Ni region before reaching the helium shell. The L rad relation is from Equation 19 of Nadyozhin (1994) ,
We define the helium line luminosity to some fraction, f , of the deposited helium energy,
where f is the fraction of deposited energy emerging in the helium line. To be conservative, we proceed with f = 0.1.
Combining Equations 5, 6 and 8, we find
Solving for M He and replacing the radius, r, with the product of ejecta velocity and time since explosion, we have Picking nominal values for each quantity and assuming that 56 Co decay dominates the energy deposition at the epochs of interest, we find 
Because the quantity in the square brackets is approximately one, we can Taylor expand the natural logarithm to find a final expression for M He ,
We note that Equation 12 yields a reasonable mass estimate for the nominal values. However, if one requires very precise estimates, Equation 11 may be more appropriate.
In Figure 13 , we plot the stripped helium luminosity limits as a function of phase for our late-time SN Iax sample. For comparison, we also display lines of equal stripped helium mass as derived with Equation 12 and assuming an ejecta velocity of 1000 km s −1 and a 56 Ni mass of 0.1 M . Under those assumptions, we can place stripped helium mass limits of ∼ 1 × 10 −4 − 3 × 10 −2 M , comparable to the values derived from the numerical simulations above.
DISCUSSION
Rate of Helium Detection in SNe Iax
We have modeled the early-time spectra of 44 classified SNe Iax and find prominent helium emission in the spectra of only two objects, SNe 2004cs and 2007J. In order to understand this observational result, we must account for selection effects. In particular, the luminosity of the detected helium lines was significantly lower than the limits for the majority of the sample; 17/25 objects (68%) do not have deep enough limits to detect lines as faint as in SNe 2004cs and 2007J. Furthermore, we could not significantly detect helium in the first spectrum of SN 2007J, despite there being very strong lines in its later spectra. Therefore, temporal evolution is also likely important for determining the detectability of helium for our sample. Using the subset of SNe Ia where we could detect helium lines with a similar luminosity as for SNe 2004cs and 2007J, we see that 2/8 (25 +11 −7 %) SNe Iax have helium detections. Any SN Iax model must allow for similar fractions of SNe where helium is and is not observable in their spectra. We examine some of the possible physical models below. 
Explanations for Helium in the SN Iax System
We find that the helium profiles in SNe 2004cs and 2007J are inconsistent with P-Cygni profiles and are well described by a Gaussian profile. This indicates that the helium is not in the photosphere, and instead in the circumstellar environment. We find that the He i λ7065 line in SN 2007J has a FWHM of 4352 and 4725 km s −1 at +21 and +53 days, respectively. The same line has a FWHM of 3878 km s −1 for SN 2004cs at a phase of +45 days. Additionally, there is Herich material at velocities as high as 8367 km s −1 (with the lines having a full-width zero intensity of ∼12,000 km s −1 ). These velocities are higher than the orbital motion and es- cape velocity of the system, indicating that an explosive mechanism is necessary to eject helium into the SN Iax progenitor system. In the WD+He star channel for SNe Iax progenitors, the accretion rate of helium onto the surface of the C/O WD modulates the amount of He-rich material in the circumstellar environment. If the accretion rate is low ( M < 10 −6 M yr −1 ), it can lead to helium flashes (e.g., Piersanti et al. 2014; Brooks et al. 2016 ) resulting in helium novae. A possible explanation for the small fraction of SNe Iax with helium detections could be the occurrence of such preexplosion helium nova eruptions. In the C/O WD + He star progenitor system, the helium mass transfer rate from the He star onto the WD varies based on the size of the nondegenerate companion. Through modeling of these systems for an initial 1 M WD, Brooks et al. (2016) show that systems with lower mass companion stars also experience lower mass transfer rates prior to explosion. Consequently, systems with 1.3-1.4 M He stars undergo helium nova eruptions as the WD approaches the Chandrasekhar mass (see Figure 3 of Brooks et al. 2016) . Occurring in only a fraction of such scenarios, these nova eruptions would enrich the progenitor system with helium in the final years before explosion. However, the ejected He-rich material may be hidden in cavities of the progenitor system (Wood-Vasey & Sokoloski 2006) and could lead to an even lower rate of helium detection.
Higher-mass He star companions have higher mass transfer rates, allowing for steady helium burning on the WD surface and does not produce helium flashes. For these high accretion rates, a super-Eddington wind may be formed, which will remove accreted helium from the system thus making it undetectable (Wang et al. 2015) . Consequently, the limited fraction of C/O WD + He star systems with helium novae could explain the detection of helium emission in only the spectra of SNe 2004cs and 2007J.
Interestingly, the single Galactic helium nova, V445
Puppis, has helium at velocities as high as 6000 km s −1 (Woudt et al. 2009 ), consistent with the helium velocity seen for SNe 2004cs and 2007J.
Comparison to Single-Degenerate Explosion Models
The leading model for the SN Iax progenitor system is a WD accreting mass from a non-degenerate He star companion. Based on the calculated fraction of SNe Iax with helium, the companion to the WD could also be another type of non-degenerate star such as a Main Sequence, Red Giant, or He star. Strong support for the He-star scenario comes from the pre-explosion observation of the SN 2012Z progenitor system, which is consistent with a He-star companion despite the lack of helium lines in its spectra (McCully et al. 2014) . Even for the WD+He star progenitor channel, there are a variety of explosive mechanisms that could trigger a SN Iax explosion as the He star fills its Roche Lobe and transfers matter onto the WD. The typical Chandrasekharmass model involves accretion of He-rich material and steady burning on the WD surface until the WD reaches M ch and explodes. The detection of strong Ni features in the late-time spectra of SNe Ia indicate a high central density for the WD, consistent with a M ch explosion (Foley et al. 2016) .
Alternatively, a sub-Chandrasekhar mass model with helium detonation on the surface of the WD may be more appropriate in describing these objects (Hillebrandt & Niemeyer 2000) . Wang et al. (2013) examines this doubledetonation model for SNe Iax and finds that such a scenario reproduces the observed M V, peak for these objects, as well as allows for SNe with helium lines in their spectra as in SNe 2004cs and 2007J. This type of explosion in the WD+He star progenitor channel could explain the lowest luminosity SNe Iax such as SNe 2008ha and 2010ae, but ultimately cannot reproduce the low ejecta velocities seen in all SNe Iax. As stated above, the Nickel abundances found in late-time SN Iax spectra by Foley et al. (2016) indicates that the majority of SNe Iax are the result of M ch explosions rather than sub-Chandrasekhar mass explosions.
In each explosion model discussed, the type of helium burning may also affect the detection of helium within SNe Iax. The lack of helium in most SNe Iax spectra can be explained by an explosion that completely burns the surface helium. Complete burning may generate a more luminous explosion that could result in a lack of detected helium in the most-luminous SNe Iax. Within the limits of detection, the presence of detectable helium in 25% of SNe Iax could be explained by incomplete burning where unburned helium remained in a fraction of systems after explosion.
The WD+He star progenitor system has also been examined in the context of companion interaction. In the pure deflagration explosion, the SN ejecta forms a shock wave that hits the companion He star and strips material from the stellar surface. As discussed in Sections 4.1 and 4.2, this material could be hydrogen or helium (depending on the composition of the companion star) and the amount of stripped mass depends on the exact explosion model and companion star. Hydrodynamical simulations done by Liu et al. (2013a) and Pan et al. (2012) show that the H-or He-rich material is removed due to ablation (SN heating) and mass strip-ping (momentum transfer). These models demonstrate that the impact of SN ejecta with the non-degenerate companion causes a hole in the ejecta of ∼ 35°for the WD+He star system. While some of the stripped material will reside within this ejecta hole, the rest will be swept up by the expanding ejecta and may become visible as the SN luminosity fades at late-time.
However, we find no evidence of such material in the SN Iax late-time spectra despite the stripped mass predictions for H-and He-rich material from companion interaction. This indicates a discrepancy between SD model predictions and SN Iax (and SN Ia) observations, that perhaps could be reconciled by having "hidden" hydrogen/helium or a smaller amount of stripped material than predicted.
For SNe Iax in particular, Liu et al. (2013b) show that H-rich material can be hidden in late-time spectra due to the inefficient mass stripping (<0.01M ). In their pure deflagration model, Liu et al. (2013b) demonstrate that the relatively low kinetic energy released in the explosion could result in both a low mass of stripped material and potentially no hydrogen emission signatures at late-times. Such a scenario is broadly consistent with the lack of hydrogen emission in late-time SNe Iax spectra, but the mass limit is still higher than those calculated in Section 4.1.
Another potential reason for a lack of visible helium emission is that the high excitation energy of helium may prevent the formation of the predicted narrow emission lines at late times. As is shown for Type Ic SNe, the degree of Ni mixing in the SN ejecta significantly influences the efficiency of non-thermal helium excitation (Lucy 1991; Dessart et al. 2011 Dessart et al. , 2012 . For SNe Iax, weak Ni mixing in the ejecta could result in helium lines below the limit of detection in late-time spectra.
Furthermore, the specific type of explosion responsible for SNe Iax could result in a lack of detectable stripped material from a companion star. The partial deflagration scenario in particular can produce a highly asymmetric explosion in which the ejecta either does not impact the companion at all, or causes much less impact than a spherical explosion (Jordan et al. 2012; Kromer et al. 2013; Fink et al. 2014) . Such a scenario would strip less H-or He-rich material from the companion and would then produce material in the system below the limit of detection.
Finally, the strength of hydrogen or helium emission features may depend on the SN viewing angle and it could be the case that observed SNe Iax may have undetectable stripped material due to the angle of observation. We can match the detected occurence rate (25%) if He i features are only visible within a 60°angle. This calculation assumes a spherically symmetric SN where circumstellar helium can only be detected on 25% of the SN ejecta.
Case in point, the ongoing discrepancy between SD interaction models and late-time observations warrants more robust radiative transport calculations through 3-D hydrodynamical stripping of hydrogen or helium from a companion star. The lack of visible hydrogen or helium emission at late-times highlights the need for SD models with deeper luminosity detection limits. This could then explain the observed flux and mass limits that are well below those predicted by interaction models for SNe Ia and Iax.
With true detections of helium in SN Iax spectra, we have identified the need for luminosity-mass conversions in early-time spectra, not just in late-time phases. Such modeling would allow us to quantify the helium present in SN 2004cs, SN 2007J and potentially future SNe Iax with helium detections. Calculating the helium mass present at early-times will further constrain the proposed C/O WD + He star progenitor system for SNe Iax.
SD Scenario and SNe Ia
The pre-explosion detection of the progenitor system for SN 2012Z (McCully et al. 2014 ) strongly indicates a SD progenitor system for that SN and by extension other SNe Iax. Other observations indicating a short delay time (e.g., Foley et al. 2009; Lyman et al. 2013 Lyman et al. , 2018 , also favor a SD progenitor channel for SNe Iax. The specific scenario that best fits all observations is a near Chandrasekhar mass C/O WD primary with a Roche-lobe filling He-star companion (e.g., Foley et al. 2013; Jha 2017) .
A SN from such a system is expected to strip material from the companion star, possibly sweep up additional circumstellar material, and produce relatively narrow emission lines in late-time spectra (Liu et al. 2013a ). However, we have not yet seen any such emission lines in our sample of 11 SNe Iax with late-time spectra. Moreover, we have not detected the "characteristic SD" narrow emission lines in SN 2012Z. Therefore, the lack of narrow emission lines in the late-time spectrum of a thermonuclear SN is poor evidence against the SD scenario. While it is currently unclear where the logical argument breaks down, there are significant implications for SNe Ia.
Several studies have searched for narrow emission lines in the late-time spectra of SNe Ia to see if there was evidence of interaction with a non-degenerate companion star, and thus far, no example has been found for a normal SN Ia (e.g., Mattila et al. 2005; Leonard 2007; Shappee et al. 2013; Lundqvist et al. 2013; Maguire et al. 2016; Graham et al. 2017; Sand et al. 2018; Shappee et al. 2018; Dimitriadis et al. 2018 , but see also Graham et al. 2018) . While many of these studies concluded that the lack of such lines is strong evidence against (at least a subset of) SD scenarios for SNe Ia, our experience with SNe Iax suggests that such strong conclusions are premature.
We suggest a full re-evaluation to determine the utility of these observations for understanding the progenitor systems of SNe Iax and SNe Ia.
Future SN Iax Observations
As more SNe Iax are discovered, the number of objects with confirmed helium emission in their spectra should increase. Consequently, it is important that we collect highcadence spectral observations of any new SNe Iax discovered with early-time He i features. Since the helium features in SN 2007J became stronger with time, it is clear that very early spectra are insufficient to detect helium in at least some SNe Iax. Therefore, continued monitoring of SNe Iax may be critical to detecting similar events.
SNe 2004cs and 2007J are relatively low-luminosity SNe Iax. Although the number of events is still small, it behooves us to pay particular attention to other low-luminosity SNe Iax.
Of course when a SN Iax is discovered with helium emission in its spectrum, we should follow that object as long as possible. Neither SN 2004cs nor SN 2007J have late-time spectra. It would be particularly interesting to see if similar SNe Iax have helium emission features at late times. Latetime spectra would also be especially useful to determine if SNe Iax with helium emission are physically distinct from those without helium emission.
CONCLUSIONS
We model 110 spectra of 44 SNe Iax using the spectral synthesis code SYNAPPS. We detect helium emission in two objects, SNe 2004cs and 2007J, and do not detect any helium emission for any other. We find the helium features in these objects to be poorly described by a P-Cygni profile, but are well-fit by a Gaussian, implying that the helium has a circumstellar origin.
For each spectrum without detected helium, we add helium features to the spectrum until we make a detection, thus measuring a luminosity limit for the helium features in each spectrum. Only 24% of the SNe Iax in our flux calibrated sample have sufficiently deep luminosity limits to rule out helium emission at the level detected in SNe 2004cs and 2007J. Using the subset of SNe Iax where we could detect helium lines with a similar luminosity as for SNe 2004cs and 2007J, we find 25 +11 −7 % of SNe Iax have helium detections. We examined 24 late-time spectra of 11 SNe Iax for signs of stripped hydrogen or helium from companion interaction. We find no evidence of narrow hydrogen or helium emission lines in the late-time spectra. We measured luminosity limits for this emission. Using the luminosity limits, we provide swept-up mass limits using both a numerical calculation (Botyánszki et al. 2018 ) and an analytic formulation. We find that for both hydrogen and helium, the largest possible swept-up mass for our sample ranges between 10 −4 and 10 −1 M , with the typical value lower than theoretical predictions for SD SN Iax explosion models. Considering the strong evidence for a SD progenitor system for SNe Iax, we suggest re-examining both these models and similar conclusions for SN Ia progenitor systems.
The helium emission in SNe 2004cs and 2007J is consistent with coming from the ejecta of a relatively recent helium nova. In particular, the velocity of the material is similar to that of the Galactic helium nova V445 Pup (Woudt et al. 2009 ). As helium novae are only expected for particular accretion rates (Piersanti et al. 2014; Brooks et al. 2016) , this may be a simple explanation for the fraction of SNe Iax with detected helium emission.
More generally, SNe Iax may all have similar progenitor systems, but the exact progenitor system conditions at the time of explosion and/or the details of the explosion may produce a variety of helium emission strengths. Factors such as explosion asymmetry, limited amount of swept up Herich material, or the high excitation energy of helium may contribute to "hidden" helium in SNe Iax.
On the other hand, the presence of detectable helium emission in only a fraction of the SN Iax sample may be suggestive of progenitor diversity for this class. As SNe Iax are the only class of thermonuclear SN with a detected progenitor system, it is particularly ripe for detailed study. Increasing the sample size of SNe Iax with spectral observations will help to constrain the current explosion model.
APPENDIX A: MODELED SNE IAX SAMPLE
Here we present all additional SNe Iax spectra that were modeled with SYNAPPS. Same as Figures 5 and 8 , we plot SYNAPPS mask fits in green, Gaussian profiles in red, and cross-correlation coefficients in blue.
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